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BIHARMONIC HOMOGENEOUS HYPERSURFACES IN 
COMPACT SYMMETRIC SPACES 

SHINJI OHNO, TAKASHI SAKAI, AND HAJIME URAKAWA 


Abstract. In this paper, we study biharmonic hypersurfaces in Einstein man¬ 
ifolds. Then, we determine all the biharmonic hypersurfaces in irreducible 
symmetric spaces of compact type which are regular orbits of commutative 
Hermann actions of cohomogeneity one. 


1. Introduction 

Harmonic maps play a central role in geometry; they are critical points of the en¬ 
ergy functional E{(f) = (1/2) \d(p\‘^ Vg for smooth maps (p of {M,g) into (A, h). 

The Euler-Lagrange equations are given by the vanishing of the tension filed T{ip). 
In 1983, J. Eells and L. Lemaire extended the notion of harmonic map to bihar¬ 
monic map, which are, by definition, critical points of the bienergy functional 

^2 ((/?) = 1 / \T{p)\^Vg. 

^ Jm 

After G.Y. Jiang [15] studied the first and second variation formulas of E 2 , extensive 
studies in this area have been done (for instance, see [2] , [8] , |9] , [14] , 
m, etc.). Notice that harmonic maps are always biharmonic by definition. One 
of the important main problems is to ask whether the converse is true. B.Y. Chen 
raised ([3]) so called B.Y. Chen’s conjecture and later, R. Caddeo, S. Montaldo, P. 
Piu and C. Oniduc raised ([5]) the generalized B.Y. Chen’s conjecture: 

Every biharmonic submanifold of the Euclidean space K." must be harmonic (min¬ 
imal). 

Every biharmonic submanifold of a Riemannian manifold of non-positive curva¬ 
ture must be harmonic (minimal). 

For the generalized Chen’s conjecture. On and Tang gave ([IS], [5S]) a counter 
example in a Riemannian manifold of negative curvature. The Chen’s conjecture 
was solved affirmatively in the case of surfaces in the three dimensional Euclidean 
space ( 0 ), and the case of hypersurfaces of the four dimensional Euclidean space 
(0> 0): and the case of generic hypersurfaces in the Euclidean space m)- 

Furthermore, Akutagawa and Maeta gave m) a final supporting evidence to the 
Chen’s conjecture: Every complete properly immersed biharmonic submanifold of 
the Euclidean space K" is minimal. 
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It is also known (cf. [21], [22], [23]): every biharmonic map Lp : {M,g) —>■ 
{N, h) of a complete Riemannian manifold (M, g) into another Riemannian manifold 
{N, h) with non-positive sectional curvature with finite energy and finite bienergy 
is harmonic. 

On the contrary to the above, the case that the target space (A^, h) whose sec¬ 
tional curvature is non-negative, theory of biharmonic maps and/or biharmonic 
immersions is quite different. In 1986, Jiang m and in 2002, Oniciuc [24] con¬ 
structed independently different examples of proper biharmonic immersions into 
the spheres. Here, proper biharmonic means that biharmonic, but not harmonic. 

In this paper, we study biharmonic hypersurfaces in the Einstein manifold (cf. 
Theorems 13.61 and ITtIi . and then we determine all the biharmonic hypersurfaces 
in the irreducible symmetric spaces of compact type which are regular orbits of 
commutative Hermann actions of cohomogeneity one (cf. Theorem 16.ip . More 
precisely, we obtain the following (cf. Theorem 16.II) . 

Let us consider all the commutative compact symmetric triads (G, Ki , K^) whose 
Hermann actions are of cohomogeneity one. Then, it holds that an orbit K 2 TTi{x) 
in Ni is harmonic (resp. proper biharmonic) if and only if the orbit Ki'i: 2 {x) in 
N 2 is harmonic (resp. proper biharmonic), where tti are the projections of G onto 
Ni = G/Ki (z = 1,2) (cf. Proposition 5.1). 

Furthermore, when G is simple, all the regular orbits of K 2 actions on = 
G/Ki, and Ki actions on N 2 = GIK 2 are classified into the following three classes 
of totally eighteen cases of actions on symmetric space (cf. Theorem 16.11) : 

(1) The first class consists of three cases. Every case in this class has a unique 
regular orbit which is proper biharmonic. 

(2) The second class consists of seven cases. Each case in this class has exactly 
two regular orbits which are proper biharmonic. 

(3) The third class consists of eight cases. All the biharmonic regular orbits in 
the cases in this class must be harmonic. 


2. Preliminaries 

We first prepare the materials for the first and second variational formulas for 
the bienergy functional and biharmonic maps. Let us recall the definition of a 
harmonic map p) : {M,g) —>■ (iV, h), of a compact Riemannian manifold {M,g) into 
another Riemannian manifold (N, h), which is an extremal of the energy functional 
defined by 

E{(p) = e{ip)vg, 

Jm 

where e{(p) := {l/2)\dip\'^ is called the energy density of if. That is, for any variation 
{ft} of f with fQ = f, 


( 2 . 1 ) 


_d 

dt 


E{ft) 

t=o 



h ( T ( f ), V)vg = 0, 


where V € r(f~^TN) is a variation vector field along f which is given by V(x) = 
■^\t^Qft{x) € (x € M), and the tension field of f is given by T{f) = 

Bip{ei, Ci) € T{f~^TN), where is a locally defined orthonormal frame 



BIHARMONIC HOMOGENEOUS HYPERSURFACES 


3 


field on {M,g), and is the second fundamental form of (p defined by 
Bp{X,Y) = {Vdp){X,Y) 

= iyxdp){Y) 

= Vx{dip{Y))-dp{VxY), 

for all vector fields X,Y & X{M). Here, V, and are Levi-Civita connections 
on TM, TN of {M,g), {N, h), respectively, and V, and V are the induced ones on 
(p~^TN, and T*M 0 (p~^TN, respectively. By (j2.ip . p is harmonic if and only if 
t{(p) = 0 . 

The second variation formula is given as follows. Assume that ip is harmonic. 
Then, 

^ E{pt)=[ h{J{V),V)vg, 

where J is an elliptic differential operator, called the Jacobi operator acting on 
T(p~^TN) given by 

(2.2) J{V) = AV-TZ{V), 

where AH = V*VH = — eiY — ^Ve^eiV} is the rough Laplacian and 

7^ is a linear operator on T{p~^TN) given by TKV) = R^(yjdp{ei))dp{ei), 

and is the curvature tensor of {N,h) given by R^{U,V)W = Vy(VylT) — 
for U,V,W e X(A). 

J. Eells and L. Lemaire [5] proposed polyharmonic (fc-harmonic) maps and Jiang 
m studied the first and second variation formulas of biharmonic maps. Let us 
consider the hienergy functional defined by 

E2{P) = i / \T{^)\^Vg, 

^ JM 

where |Hp = h{V,V), V G r{p~^TN). 

The first variation formula of the bienergy functional is given by 

^ E2{pt)=- [ h{T2{p),V)Vg. 

Here, 

T2{p) := J{t{p)) = A{t{p)) - TZ{t{p)), 
which is called the bitension field of p, and J is given in (12.21) . 

A smooth map p of {M,g) into {N,h) is said to be biharmonie if T 2 {p) = 0. 
By definition, every harmonic map is biharmonic. We say, for an immersion p : 
(M, g) —>■ (A, h) to be proper biharmonic if it is biharmonic but not harmonic. 

3. Biharmonic isometric immersions 

3 . 1 . In the first part of this section, we first show a characterization theorem for 
an isometric immersion 93 of an m dimensional Riemannian manifold (M, g) into an 
n dimensional Riemannian manifold (A, h) whose tension field t{p) satisfies that 
Vxu(<p) = 0 (A G X{M)) to be biharmonic, where V is the normal connection 
on the normal bundle T^M. Let us recall the following theorem due to [15]: 
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Theorem 3.1. Let —>■ (N‘^,h) be an isometric immersion. Assume 

that V]^r(<p) = 0 for all X £ X{M). Then, p is biharmonic if and only if the 
following holds: 

m 

~ X! h{T(p),B^{dp{ej),dp{ek))dp{ek)) dp{ej) 
j,k=l 

m 

+ X! HTi‘f),B^{ej,ek)) B,^{ej,ek) 

m 

(3.1) -'^R'^{T{p),dp{ej))dp{ej) = 0, 

4 = 1 

where is a locally defined orthonormal frame field on {M,g). 


Here, let us apply the following general curvature tensorial properties ([16], Vol. 
I, Pages 198, and 201) to the first term of the left hand side of (13.11) : 

h{Wi,R’^{W3,W4)W2) = h{W3,R’^{Wi,W2)W4), 

(IT, GX(Af),^ = l,2,3,4). 


Then, we have 

h{T{p),R^{dp{ej),dp{ek))dp{ek)) 

= h{dp{ej), R^{t{p), dp{ek))dp{ek)) ■ 


Therefore, for the first term of (EB, we have that 


R^{T{p),dp{ek))dp{ek)) dp{ej) 

4 = 1 k=l 

is equal to the tangential part of dp{ek)) dp{ek). Thus, the equation 

(EB is equivalent to 


(3.2) 


\R!^{T{p),dp{ek))dp{ek) 


k=l 


+ X! KTi.T),B,p{ej,ek)) B^{ej,ek) 
4,fe=l 

m 

- ^ R^{T{p),dp{ek)) dp{ek) = 0 , 

k=l 


where and W-^ mean the tangential part and the normal part of VP G ^{N), 
respectively. We have, by comparing the tangential part and the normal part of 
the equation (|3.2I1 . it is equivalent to that 


fe=i 


R^{T{p),dp{ek))dp{ek)] =0, and 



R!^{T{ip), dp{ek)) dp{ek) 


X! HT{T),B^{ej,ek)) B,^{ej,ek). 

j,k=l 
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These two equations are equivalent to the following single equation: 

m m 

(3.3) '^R^{T{(p),d(p{ek))dip{ek) = ^ h{T{(p), B^{ej,ek)) B^{ej,ek). 

k—1 j,k—l 


Summarizing the above, we obtain: 

Theorem 3.2. Let (p : —>■ be an isometric immersion. Assume 

that Vxt{(p) = 0 for all X € X(M). Then, p is biharmonic if and only if iS.3\) 
holds. 


As a corollary of Theorem 13.21 we obtain: 

Corollary 3.3. Assume that the sectional curvature of the target space {N^,h) is 
non-positive. Let ip : {M'^,g) —> {N'^,h) be an isometric immersion whose tension 
field satisfies = 0 for all X € X{M). Then, if p is biharmonic, then it is 

harmonic. 

Proof. Due to Theorem 13.21 taking the inner product to the both hand side of 
(13.31) with t{p) which is normal, 

771 m 

KTiT)^B^{ej,ek)f = h{T{p),'^R’^{T{p),dp{ek))dp{ek)) 

j,k—l k—1 

m 

= XI dp{ek))dp{ek)) 

fc=i 

(3.4) < 0. 

Because the quantity h(T{p), R^{T{p),dp{ek))dp{ek)) is a multiple of the non¬ 
negative number h{T{p),T{p)) times the sectional curvature of {N,h) along the 
plane {t{p), dp(ek)} (fc = 1, • • • , m) which are also non-positive by our assumption. 
Therefore, the both hand sides of (|3.41) must be zero, i.e., 

{h{T{p),R^{T{p),dp{ek))dp{ek)) =Q (Vfc = 1, • • • , m), and 
\h{T{p),B^(ej,ek)) = 0 (Vj, fc = I,- - • ,m). 

Therefore, we obtain 

m 

Ht{p),t{p)) = h{T{p),J2Bcp(.ej,ej)) =0 
i=i 

which implies that t{p) = 0. □ 

Remark 3.4. Corollary 13.31 give a partial evidence to the generalized B.-Y. Chen’s 
conjecture: every biharmonic isometric immersion into a non-positive curvature 
manifold must be harmonic. On the other hand, notice that the generalized B.-Y. 
Chen’s conjecture was given by a counter example due to Y. Ou and L. Tang, in 

2012, [ig. 
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3.2. In the second part of this section, we apply Theorem 13.21 to an isomet¬ 
ric immersion into an Einstein manifold (iV",/i) whose Ricci transform p^{u) := 
Sr=i S y € -^)i where is a locally defined orthonormal 

frame field on h). 

Let {(Ci)a;}f=i {x G M) be an orthonormal basis of the orthogonal complement 
of the tangent space d(px{TxM) of M in the one T^{x)N of N with respect 

to h(p(^x) • 


p 

T^(x)N = dipx{TxM)®J2'^(^^')^ (cceM), 

where p := dim — dimM = n — m. Then, we have 


m p 

= '^R^{u,d^k{ek))d(p{ek) + ^ 

k—1 i—1 

for every u G TyN (jj G N) since (p is an isometric immersion of {M™,g) into 
(A^", h). Therefore, in Theorem l3.21 we have that (13.31) is equivalent to the following: 

p m 

(3.5) p’^{t{(p)) h{T{(p),B^{ej,ek)) B^{ej,ek). 

i—\ 3-,k—l 


Now assume that (A^, h) is Einstein, namely, the Ricci transform satisfies 
that = c H for some constant c, where H is the identity transform. Then, since 
p^(r((p)) = cr((p), we have that p.5l) is equivalent to 

p m 

(3.6) CT{(p)h{T{ip),B^{ej,ek))) By,{ej,ek). 

i—1 j,k—l 


Thus we obtain 

Theorem 3.5. A ssume that p : {M’^,g) —>■ (A^”,/i) is an isometric immersion 
whose tension field rlpp) satisfies that Vxr((p) = 0. 

(1) Then, ip is biharmonic if and only if US. 51) holds. 

(2) In particular, if the target space (N, h) is Einstein, i.e., the Ricci transform 
p^ of {N, h) satisfies = cH for some constant c, then p is biharmonic if 
and only if i3.6\} holds. 


3.3. In the following, we treat with a hypersurface p : {M‘^,g) —>■ {N'^,h), 
i.e., p = 1, and m = dimM = dimA^ — 1 = n — 1. In this case, let us ^ be a 
unit normal vector field along p, and denote the second fundamental form B,p as 
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B^{ej,ek) = Hjk ^ (j, /c = 1, • • • , m). Then, 

m / ^ \ 

i=i V^=i / 

= 0, 

V i=i 

m 

^ h{T{tf),B^(ej,ek))) B^{ej,ek) 


j,k=l 

m / m \ / m \ 

= (E^*0 E E^“ 

i=i \j.fc=i / \i=i / 

where ||S,^|P = YJ^,k=i W^^iej^ekW = J2j^k=i ^jk^- Therefore, (|T5]) holds if and 
only if 

/ m \ j m \ 

E^^^ E^^d \\bah 


u'=i 




which is equivalent to that, either (p is harmonic, i.e., Bjj = 0, or 


p\0 = \\b4H- 


Thus, we obtain the following theorem: 

Theorem 3.6. Assume that p : {M"^,g) —> (N'^^h) is an isometric immersion 

whose tension field Vxt{p) = 0 {W X G X(M)) and p is hypersurface, i.e., m = 
n — 1. 

(1) If ip is not harmonic, then p is biharmonic if and only if 

p\0 = \\Bj^i, 

where is the Ricci transform of {N,h), and is a unit normal vector 
field along p. 

(2) In particular, if (TV, h) is an Einstein manifold, i.e., = cH, and p is not 

harmonic, then p is biharmonic if and only if ||-B<^|P = c. 

Furthermore, we have 

Theorem 3.7. A ssume that p : (M, g) —>■ (TV, h) is an isometric immersion into 
a Riemannian manifold (TV, h) whose Ricci curvature is non-positive, dim M = 
dim TV — 1, and Xxt{p) = 0 for all C°° vector field X on M. Then, if p is 
biharmonic, it is harmonic. 

Proof. If we assume p is not harmonic, then due to (1) of Theorem l3.61 we have 

p\0 = \\baH- 

Together with the assumption of non-positivity of the Ricci curvature of (TV, h) , we 
have 

0< = 
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Therefore, we have 

= = 0 . 

Hence we have B^p = 0, in particular, we have that T{(p) 
which contradicts the assumption. 


□ 


Finally, in this section, on the condition V^r((/j) = 0 (V X G X(M)), we give 
the following criterion: 


Proposition 3.8. Assume that ip : —>■ {N'^,h) is an isometric immersion 

with m = dimM = dimiV — 1 = n — 1. Then, the following equivalence holds: The 
condition that = 0 (VX G X(M)) holds if and only if the mean curvature 

H = Hu is constant on M. Here, Bp{ei,ej) = Hijf^, and f is a unit 

normal vector field along ip. 

Proof Since r^ip) = mUf where H = Hu, we have, for all C°° 

vector field X on M, 

(3.7) 0 = VxT{ip)=m{XU)f + mliVxt 

Since = 1, we have 

(3.8) 0 = ix, h{i, = hiX\p^x)^, 0 = h{Vxf, 0- 
By taking the inner product (13.71) and f, we have, due to (13.8L 

0 = m(XH) + mH/i(vi^,O =m(XH). 

We have X H = 0 for all C°° vector field X on M, which implies that H is constant 
on M. 

Conversely, if H is constant on M, then we have 

XxT{ip) =m{Xll)^ + mUXx^ = mllVxf, 
so that we have, due to (13.8|) . 

h(Xxr{T),0=mUh{Vxf,0=0, 

which implies that XxTiip) = 0 since it is normal. □ 


Summarizing Theorems 13.61 and 13.71 and Proposition 13.81 we obtain 

Corollary 3.9. Let ip : {M"^,g) — > (N'^,h) be an isometric immersion. Assume 
that m = dimM = dimA^ — 1 = n — 1 , and the mean curvature of ip, 'R = 
(1/to) = {l/m)h{T{ip),ff), is constant. Then, the following hold: 

(1) Assume that H ^ 0, i.e., ip is not harmonic. Then, it holds that ip is 

biharmonic if and only if p^{f) = where is the Ricci transform 

of {N,h), is a unit normal vector field along p and B^ is the second 
fundamental form of p. 

(2) Assume that H 7 ^ 0 and (iV, h) is Einstein, i.e., = cH for some constant 

c. Then, p is biharmonic if and only if = c. 

(3) Assume that H 7 I 0 and the Ricci curvature of {N, h) is non-positive. Then, 
if p is biharmonic, it is harmonic. 
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4. Hermann actions and symmetric triads 

From this section, we apply the results in Section 3 to the orbits of Hermann 
actions using symmetric triads (cf. [TU], [H], [E]), and determine biharmonic 
regular orbits of cohomogeneity one Hermann actions. For this purpose, we express 
the tension field and the square norm of the second fundamental form of orbits of 
Hermann actions in terms of symmetric triads iTheorem 14.811 . 


4.1. First we recall the notions of root system and symmetric triad. See [TU] for 
details. 

Let (a, (•,•)) be a finite dimensional inner product space over K.. For each a G a, 
we define an orthogonal transformation : a —^ a by 

s^{H) = H-^^^a {HGa), 

{a, a) 

namely Sa is the reflection with respect to the hyperplane {H G a \ {a,H) = 0}. 

Definition 4.1. A finite subset E of a\ {0} is a root system of a, if it satisfies the 
following three conditions: 

(1) Span(E) = a. 

(2) If a,/3 G E, then G E. 

(3) 2{a, I3)l{a,a) G Z (a,/3GE). 

A root system of a is said to be irreducible if it cannot be decomposed into two 
disjoint nonempty orthogonal subsets. 


Let E be a root system of a. The Weyl group W (E) of E is the finite subgroup 
of the orthogonal group 0(a) of a generated by {sq, | a G E}. 


Definition 4.2 ([T^ Definition 2.2). A triple (E, E, W) of finite subsets of a \ {0} 
is a symmetric triad of a, if it satisfies the following six conditions: 

(1) E is an irreducible root system of a. 

(2) E is a root system of a. 

(3) (-I)IF = W, E = EUW. 

(4) E n IF is a nonempty subset. If we put I := max{||a|| | a G E 0 IF}, then 
EnW = {aGE\ ||a|| < 1}. 

(5) For a G IF and A G E \ IF, 

2 is odd if and only if Sa(A) G IF \ E. 

[a, a) 

( 6 ) For a G IF and A G IF \ E, 

2 is odd if and only if Sq,(A) G E \ IF. 

(a, a) 


We define an open subset of a by 


a,- = Pi G a 

AeE.aGlU ^ 


(A,7J)^7rZ, (a,iJ)^|+7rZ}. 


A point in Ur is called a regular point, and a point in the complement of in a 
is called a singular point. A connected component of is called a cell. The affine 
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Weyl group W (S, S, W) of (S, S, W) is a subgroup of the affine group of a, i.e. the 
semidirect product 0 (a) k a, generated by 


2mr 


s\, ■ 


A e S,n e Z ^ U 


(2n + 1)71 


a G W,n G Z 


The action of [s\, ( 2 n 7 r/|| A|p)A) on a is the reflection with respect to the hyperplane 
{H G a \ {X,H) = mr}, and the action of («„, ((2n + l) 7 r/||a|p)a) on a is the 
reflection with respect to the hyperplane {H G a \ {a, H) = (n + l/ 2 ) 7 r}. The affine 
Weyl group W(E, E, IT) acts transitively on the set of all cells. More precisely, for 
each cell P, it holds that 

a = sP. 

sew{1:,'s,w) 

We take a fundamental system 11 of E. We denote by E+ the set of positive 
roots in S. Set E+ = E+ fl E and = E+ fl W. Denote by If the set of simple 
roots of E. We set 


Wo = {aGW+ \a + X^W (Xg H)}. 


From the classification of symmetric triads, we have that Wq consists of only one 
element, denoted by a. We define an open subset Pq of a by 


(4.1) Po = 

Then Pq is a cell. 


{pea| {a,H)<^, (A,P) >0 (Aen)}. 


Definition 4.3 ([10] Definition 2.13). Let (E,E,1T) be a symmetric triad of a. 
Consider two mappings m and n from E to K>o := {a S R | a > 0} which satisfy 
the following four conditions: 

(1) For any A € S, 

(1-1) m{X) = to(—A), n(A) = n{—X), 

(1-2) to(A) > 0 if and only if A G E, 

(1-3) n(A) > 0 if and only if A G W. 

(2) When AgE,Q!G1T, sGIT (E), then m{X) = m(s(A)), n{a) = n(s(a)). 

(3) When A G S, a G VF(E), then m(A) -I- n(A) = m{a{X)) + n{a{X)). 

(4) Let A G E n W, a G W. If 2{a,X)/{a,a) is even, then to(A) = m(sa(A)). 
If 2{a, X)/{a, a) is odd, then m(A) = n(sQ,(A)). 

We call m(A) and n{a) the multiplicities of A and a, respectively. 


4.2. We will review some basics of the theory of compact symmetric spaces. 

Let G be a compact connected Lie group and K a closed subgroup of G. Assume 
that there exists an involutive automorphism 9 of G which satisfies {Ge)o C K C 
Gg, where Gg is the set of fixed points of 9 and {Gg)o is the identity component 
of Gg. Then the pair {G,K) is called a compact symmetric pair. We denote the 
Lie algebras of G and K hy g and t, respectively. The involutive automorphism 9 
of G induces an involutive automorphism of g, which is also denoted by the same 
symbol 9. We can see that 

« = {AGb|0(A)=A}, 

and we define 

m = {A G fl I 0(A) =-A}. 
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Take an inner product (•,•) on g which is invariant under the actions of Ad(G') 
and 0. The inner product (•,•) induces a bi-invariant Riemannian metric on G 
and a G-invariant Riemannian metric on N = G/K, which are denoted by the 
same symbol (•,•). Then {N, {■,■)) is a compact symmetric space. Conversely, any 
compact symmetric space can be constructed in this way. Since 9 is involutive, we 
have an orthogonal direct sum decomposition of g: 

g = € 0 m. 

This decomposition is called the canonical decomposition of (G, K). We denote by 
TT the natural projection from G onto N. The tangent space of N at the 

origin 7r(e) is identified with m in a natural way. The Ricci tensor Ric(-, •) of N is 
given by 

Ric(A:, Y) = -iKilling(X, Y) (X, Y € m), 

where Killing(-, •) is the Killing form of g. If G is semisimple, then we can give an 
Ad(G)-invariant inner product on g by (•, •) = —Killing(-, •), hence TV is an Einstein 
manifold with Einstein constant c = 1/2. 

Here, let us recall the notion of hyperpolar actions (cf. [H]). An isometric action 
of a compact Lie group on a Riemannian manifold is said to be hyperpolar if there 
exists a closed, connected submanifold that is flat in the induced metric and meets 
all orbits orthogonally. Such a submanifold is called a section of the Lie group 
action. Kollross |18) classified hyperpolar actions on irreducible symmetric spaces 
of compact type. 

4.3. Our aim is to apply the theory of symmetric triad due to Ikawa m in 
order to express the second fundamental form of orbits of Hermann actions. 

Let (G, ATi) and {G,K2) be compact symmetric pairs with respect to involutive 
automorphisms 9 i and 02 of a compact Lie group G, respectively. Then the triple 
{G,Ki,K 2 ) is called a compact symmetric triad. We denote the Lie algebras of 
G,Ki and K2 by g,ti and 62 , respectively. The involutive automorphism of g 
induced from 0i will be also denoted by 0i. Take an Ad(G)-invariant inner product 
(•,•) on g. Then the inner product (•,•) induces a bi-invariant Riemannian metric 
on G and G-invariant Riemannian metrics on the coset manifolds = G/ATi and 
N 2 = G/Ar 2 - We denote these Riemannian metrics on G, A^i and N 2 by the same 
symbol (•,•). The isometric action of K 2 on Ni and the action of Ki on N 2 are 
called Hermann actions. Now we have two canonical decompositions of g: 

g = ti © mi = £2 © na2, 

where = {X € g | 9 i{X) = —X} (z = 1, 2). We define a closed subgroup G 12 of 
G by 

Gi2={fcGG|di(fc)=02(fc)}, 

and we denote the identity component of G 12 by (Gi 2 )o- Then 0i induces an 
involutive automorphism of (Gi 2 )o- Hence ((Gi 2 )o,^ 112 ) is a compact symmetric 
pair, where K12 is a closed subgroup of (Gi 2 )o defined by 

i^l 2 ={fcG(Gi 2 )o| 0 l(fc) = fc}. 

The canonical decomposition of the Lie algebra gi 2 of (Gi 2 )o is given by 

gi2 = (?i n £2) © (mi n m2). 
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Fix a maximal abelian subspace a in mi fl m 2 . Then expo is a torus subgroup in 
(Gi 2 )o. We denote by iTi the natural projection from G onto Ni {i = 1,2). Then, 
the totally geodesic flat torus tti (exp a) is a section of if 2 -action on Ni , hence the 
action is hyperpolar. Similarly 7r2(expa) is a section of iFi-action on 7 V 2 . The 
cohomogeneity of iF 2 -action on and that of iFi-action on N 2 are equal to dim a. 
We call an orbit of the maximal dimension a regular orbit. For k G G, we denote 
the left transformation of G by L^. The isometries on A^i and N 2 induced by Lk 
will be also denoted by the same symbol Lk- 

We should prepare several terminologies to determine the second fundamental 
forms of the regular orbits of Hermann actions. 

Definition 4.4. A compact symmetric triad (G, Ki,K2) is said to be commutative 
if 6*102 = 0201- Then Ar 2 -action on A^i and ATi-action on N 2 are called commutative 
Hermann actions. 

Hereafter we assume that (G, Ki , K 2 ) is a commutative compact symmetric triad 
where G is semisimple. Then we have 

g = (ti n €2) 0 (iRi n m2) © (ti n m2) © (mi n €2). 

We define subspaces in q as follows: 

to = {Aefiint2 I [a,A] = {0}}, 
v{h n m 2 ) = {A G ti n m 2 I [a. A] = {0}}, 

V(mi n { 2 ) = {A G mi n {2 I [a. A] = {0}}, 

and for A G a 

tA = {A G fl n t 2 I [H, [H, A]] = -(A, HfX {H G a)}, 
mA = {A G mi n m 2 I [H, [H, A]] = -(A, HfX (H G a)}, 
v^ih nm 2 ) = {A G fl nm 2 I [H, [H,X]] = -{\HfX {H G a)}, 

H/(mi n t 2 ) = {A G mi n t 2 I [H, [H, A]] = -(A, HfX (H G a)}. 

We set 

S = {AGa\{0}|tAy^{0}}, 

W = {a G a \ {0} I V^{ti nm 2 ) ^ {0}}, 

s = s u w. 

It is known that dimtA = dimmA and diml/^(ti nm 2 ) = dim (mi ©^ 2 ) for each 

A G E. Thus we define m(A) := dim^A and n(A) := dimyy‘-(ti fl m 2 ). Notice that 

S is the root system of the symmetric pair ((Gi 2 )o, A 12 ) with respect to a. 

Proposition 4.5 ([TOl Lemma 4.12, Theorem 4.33). Let {G, Ki, K2) be a commu¬ 
tative eompact symmetric triad where G is semisimple. Then T, is a root system of 
a. In addition, if G is simple and 0i / 02, then (E,S, VF) is a symmetric triad of 
a, moreover to(A) and n{a) are multiplicities of X G T, and a G W. Here 0i / 02 
means that 0i and 02 cannot be transformed each other by an inner automorphism 

ofs- 

We take a basis of a and define a lexicographic ordering > on a with respect to 
the basis. We set 

E+ = {A G S I A > 0}, s+ = Ens+, w+=wnt+. 
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Then we have an orthogonal direct sum decomposition of g: 

g = 5 o© *A©a© niA©V"(«inm2)© ^ l©^(«inm2) 

AGS+ AGS+ aelU+ 

©y(min«2)© ri«2 )- 

aeiu+ 

Furthermore we have the following lemma. 

Lemma 4.6 ([10] Lemmas 4.3, 4.16). (1) For each A G there exist or¬ 

thonormal bases {S'A,i}iL*'i'^ and {Tx^i}^P of Ia and rriA respectively such 
that for any H € a 

[H, ,5a..] = (A, H}Tx,^, [H, T^,.] = -(A, H}Sx,i, [S^,^,Tx,,] = A, 

Ad(expi5)5A.i = cos{\ H)Sx,i sm{X,H)Tx,i, 

Ad{exp H)Tx,i = -sm{X, H)Sx,i + cos(A, i5)rA.i. 

(2) For each a G , there exist orthonormal bases and 

of Vfpiti n m 2 ) and V)^(mi fl 12 ) respectively such that for any Ff G a 
[H, = (a, H)Ya,,j, [H, r«.,] = -(a, [X^,j,Y^,j] = a, 

Ad(exp iJ)A q.j = cos{a,F[)Xc,j + sin{a, F[)Yaj, 

Ad{exp F[)Yaj = — sin(a, F[)Xaj + cos(a, H)Yaj. 

Now we consider the second fundamental form of an orbit K 2 '!Ti{x) of the action 
of K 2 on Ni = GfKi ioi X G G (cf. Lemma Wl\ . Without loss of generalities we 
can assume that x = expFl where Ff G a, since 7ri(expa) is a section of the action. 
We identify the tangent space 7)ri(e)A^i with mi via {dTTi)e. For x = expFl (iJ G a), 
the tangent space and the normal space of K 2 TTi{x) at 7ri(ai) are given as 

dLf:^iT^i{x)iK2Tri{x))) = (Ad(ai“^)£2)mi 

= X! ruA © l^(mi nl2) © X! Ki^(rninl2), 

Aes+ aew+ 

(X,H)^7rZ (a,i/)^(7r/2) + 7rZ 

= (Ad(a:"^)m 2 ) nmi 

= 0© ^ mA© ^ lA^(mint2), 

xes+ Qew+ 

(X,H)e7rZ (a,H)e(7r/2) + 7r2 

where Am. denotes mi-component of A G g with respect to the canonical decom¬ 
position g = fii © mi. Using the above decompositions of the tangent space and the 
normal space of the orbit A27ri(a;) and the orthonormal basis given in Lemma 14.61 
we can apply Ikawa’s results (cf. Lemma 4.22 in [10]) to our cases. Let us denote 
the second fundamental form and the tension field of the orbit A27ri(a;) in Ai by 
Bh and th, respectively. Then we have the following lemma. 

Lemma 4.7. Let x = expiJ for H G a. Then we have: 

( 1 ) dL-^BH{dL^{Tx,i),dL^{T^^j)) = cot{{p,H))[Tx,r,S^,,,]^, 

(2) dL-iB^^(dL,(Fb.i),dL.(F>,j)) = -tan((/3,Fr))[F,..,A;3.i]^. 

(3) BH{dL,{Yi),dL,{Y2))=d, 

(4) BH{dL,{Tx,i),dL,{Y2)) =0, 
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(5) BH{dL4Yo.,^),dL4Y2)) = 0, 

(6) dL-^BH{dL,{Tx,^),dL,{Yp,j)) = 

A, /X G E"*" with (A, H), (/x, H) ^ ttZ, 1 < x < m(A), 1 < j < 'rn(^), 
a,P & with {a, H), (/3, H) ^ 1 < x < n{a), 1 < j < n{f3), 

Yi,Y2 g y(min«2). 


Here is the normal component, i.e. (Ad(a; ^)m 2 )r\mi-component, of a tangent 
vector AT G mi. 

Due to Lemma H771 we have the following. 


Theorem 4.8. If K 2 TTi{x) is a regular orbit, then 

(4.2) pxxf = ^ m(A)(cot(A,iL))2(A,A)+ ^ n{a){XaiY{a, H))^{a, a), 

AeE+ o!eiK+ 

(4.3) dL-i(r^) = -^ x7x(A) cot(A, L/^) A-f- ^ ) xx(ci) tan^o, iL)ci. 

AGS+ a^W+ 

Proof. For (14.2|) . since the orbit K 2 TTi{x) is regular, its tangent space and nor¬ 
mal space are given as: 

dLf^iT^i{x)iK2'xiix))) = ^ mA©F(min«2)0 X! ^a^(’^i^*2), 

AeE+ aew+ 

dLf:\T^.^^„)(K 2 Tri{x))) = a. 

For each A, ^ G S+, 1 < x < m{X), 1 < j < m{p), we have 
for all H' G a. Thus, we have 

[T\,i,Sf,j]-^ = -Sx,f,Sijp.. 


Similarly, we have 

[Ya,i,XfiJ-^ = -5a,pSijl3 {a,l3 G TF+,1 < x < n(a),l <j< n{l3)), 
[Tx,^,Xp,J]^ = 0 (A G E+,^ G bF+, 1 < X < m(A), 1 < j < n(^)). 

Form Lemma K7\ we obtain 

= X! W ~ ^ \\tsLn{/ 3 ,H)Sa,i 36 i,jf 3 \\‘^ 

m(A) n{a) 

= ^ (cot(A,7L))^(A,A) + ^(tan(a,iL))2(a,a) 

AeE+ i=l a£W+ i=l 

= ^ m(A)(cot(A,iL))^(A, A) + ^ n{a)(taii{a,H))‘^{a,a). 

Aes+ aeiv+ 

The formula (14.31) was proved in [TOl Corollary 4.23]. □ 
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5. Biharmonic orbits of cohomogeneity one Hermann actions 

In this section, applying Theorem 13.61 we will study biharmonic regular orbits of 
cohomogeneity one Hermann actions. 

Let (G, Ki, K 2 ) be a commutative compact symmetric triad where G is semisim¬ 
ple. Define an inner product (•,•) on g by (•,•) = —Killing(-, •). Then, {Ni, {■,■)) 
and {N 2 , (•, •)) are Einstein manifolds with Einstein constant c = 1/2. It is known 
that the tension field of an orbit of a Hermann action is parallel in the normal 
bundle (see [H]), i.e. VxTh — 0 for every vector field X on the orbit K 2 'Ki{x). 

Hereafter we assume that dim a = 1. Since the cohomogeneity of iir 2 -action on 
Ni and that of iLi-action on N 2 are equal to dim a, regular orbits of iL 2 -actions 
(resp. ilTi-action) are homogeneous hypersurfaces in 7Vi (resp. N 2 ). Hence we can 
apply (2) of Theorem 13.61 for regular orbits of these actions. Clearly, K 2 'iri{x) is a 
regular orbit if and only if Kit: 2 {x) is also a regular orbit. Therefore, we have the 
following proposition. 

Proposition 5.1. Let x = expiL for H G a. Suppose that K 2 'Ki{x) is a regular 
orbit of K 2 -action on Ni, so Kitt 2 {x) is also a regular orbit of Ki-action on N 2 . 
Then, 

(1) An orbit K2T^i{x) is harmonic if and only if Kitt2{x) is harmonic. 

(2) An orbit K2T^i{x) is proper biharmonic if and only if Ki'K2{x) is proper 
biharmonic. 


Proof. Analogous to Lemma 14.71 we can express the second fundamental form 
B'jj of Ki'K 2 {x) in N 2 using the orthonormal basis given in Lemma 14.61 Then easily 
we can verify 






where 't'h denotes the tension field of Ki'K 2 {x) in N 2 . Therefore, from Theorem l3.61 
we have the consequence. □ 


If G is simple and 9i 02, then for a commutative compact symmetric triad 
(G, Ki, K2) the triple (E, E, W) is a symmetric triad with multiplicities m(A) and 
n{a) (cf. Proposition 14.51) . In this case, for x = expiJ {H G a), the orbit K 2 TTi{x) 
is regular if and only if iJ is a regular point with respect to (E, E, W). 

All the symmetric triads with dim a = 1 are classified into the following four 
types (cni): 



E+ 

W+ 

d 

HI-Bi 

{«} 

{a} 

a 

I-BCi 

{a, 2a} 

{a} 

a 

H-BCi 

{«} 

{a,2a} 

2a 

HI-BCi 

{a, 2a} 

{a,2a} 

2a 


Let d := {a,H) for H G a. Then, by (14.1|) . Pq = {H G a | 0 < -0 < 7r/2} is a 
cell in these types. If iVi is simply connected, then the orbit space of Ar 2 -action on 
Ni is identified with Pq = {P[ G a | 0 < -d < 7r/2}, more precisely, each orbit meets 
7ri(expPo) at one point. A point in the interior of the orbit space corresponds to 
a regular orbit, and there exists a unique minimal (harmonic) orbit among regular 
orbits. On the other hand, two endpoints of the orbit space correspond to singular 
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orbits. These singular orbits are minimal (harmonic), moreover these are weakly 
reflective ([I3])- 

In the following, we express the two equations ||i3^f|p = 1/2 and = 0 in terms 
of i9 for each type. For this purpose, here we should calculate (a, a). 

{a, a) = — Killing(Q;, a) = —tr(ad(a)^) 

m(A) m(A) 

E E (ad(a)2^A..,^A..) + E E (ad(Q;)^rA,i,TA,i) 

AeE+ i=l AeE+ i=l 

n(/3) n(/3) 

+ E E (ad(Q;) + 

/3eiK+ i=i /3 gw+ i=i 

= ^ 2TO(A)(a,A)^+ ^ 2n{^){a,l3f. 

AeE+ pew+ 

In the case of type III-BCi, i.e. 11+ = {a, 2a} and IF+ = {a, 2a}, we can see that 

(a, a) = 2m{a){a, a)^ + 2m{2a){a, 2a)^ + 2n{a){a, a)^ + 2n{2a){a, 2a)^ 

= 2{a, a)^(m(a) + 4m(2a) + n(a) + 4n(2a)). 

Therefore, we obtain 

2(m(a) + 4m(2a) + n(a) + 4n(2a))' 

In the cases of other types, we have (a, a) by letting m{2a) = 0 (resp. n(2a) = 0) 
if 2a ^ (resp. 2a ^ W^). 



5.1. Type III-Bi. By ()4.2L the biharmonic condition ||i3j:/||^ = 1/2 is equivalent 
to 

TO(a) + n(a) = m(a)(cotd)^ + n(a)(tand)^ 
for H G Pq. Thus we have 


tand = 1, or 


i(a) ■ 


On the other hand, by (1431) . the harmonic condition th 

—m{a) cot 1 ? + n(a) tan i? = 0. 


0 is equivalent to 


Thus we have 


tani? = 



By (2) of Theorem 13.61 the situation is divided into the following two cases: 

(1) When m{a) = n(a), if an orbit K 2 T^i{x) is biharmonic, then it is harmonic. 

(2) When m(a) ^ n{a), an orbit K 2 TTi(x) is proper biharmonic if and only if 
(tani?)^ = 1 for H G Pq. In this case, a unique proper biharmonic orbit 
exists at the center of Pq, namely d = 7r/4. 
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5.2. Type I-BCi. We denote mi := m{a), m 2 := m{2a) and m := n{a) for short. 
Then, by (14.2|) . the biharmonic condition ||i3//||^ = 1/2 is equivalent to 

wi + m + 4m2 = mi (cot 1 ?)^ + ni(tand)^ + 4TO2(cot 2i9)^. 


Thus, we have 


(tani?)^ 


mi + ni + 6m2 ± \/(mi + ni + 6m2)^ — 4(ni + m2)(mi + m 2 ) 

2(ni + m 2 ) 


By (14.31) . the harmonic condition th — 0 is equivalent to 


—mi cot 1 ? + rii tan — 4m2 cot 2i? = 0. 


Thus, we have 


Since 


(tani?)^ 


mi + m 2 
ni + m 2 


0 < 


mi + ni + 6m2 — 1 / (mi + ni + 6m2)^ — 4(ni + m2)(mi + m 2 ) 


2(ni + m 2 ) 


< 


mi + m 2 
ni + m 2 


< 


mi + ni + 6m2 + (mi + ni + 6m2)^ - 4(ni + m2)(mi + m 2 ) 

2(ni + m 2 ) 

by (2) of Theorem 13.61 an orbit K 2 Tri{x) is proper biharmonic if and only if 


(tani?)^ 


mi+ni+ 6m2 ± \/{mi + ni + 6m2)‘^ — 4(ni + m2)(mi + m 2 ) 

2(ni + m 2 ) 


holds for H G Pq. Furthermore, a unique harmonic regular orbit exists between 
two proper biharmonic orbits in Pq. 


5.3. Type II-BCi. By the definition of multiplicities, if 2q; S W~^, then m(a) = 
n(a). Hence we denote mi := m(a) = n(a) and 712 := n(2a). Then, by (14.21) . the 
biharmonic condition ||i3ij|p = 1/2 is equivalent to 

2mi + 4n2 = mi ((cot(i?/2))^ + (tan(i?/2))^) + 4n2(tani?)^. 


Thus, we have 


u q\2 «2 ± Vni - 47121711 1 

^ ^ 2712 2 


712 — 4mi 


4772 


By (14.31) . the harmonic condition tb — 0 is equivalent to 

mi ( — cot(d/2) + tan(7?/2)) + 2 n 2 tan 7 ? = 0. 


Thus, we have 


(tan 7 ?)^ 


mi 
172 ' 


By (2) of Theorem 13.61 the situation is divided into the following three cases: 


(1) When 772 < 4mi, if iF27ri(a:) is biharmonic, then it is harmonic. 

(2) When 772 = 4mi, an orbit K 2 'xi{x) is proper biharmonic if and only if 
(tan 7 ?)^ = 1/2 for G Po- 
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(3) When n 2 > 4mi, an orbit K 2 Tri{x) is proper biharmonic if and only if 

n 2 ± \/n\ — 4n2TOi 


(tand)^ = 

holds for H G Pq, since 


2n2 


„ nil 71.2 — \/nn — 4n2Wi R2 + \/ni, — 4n2mi 

0 < — < - ^ ^ 


n2 


2n2 


2712 


5.4. Type III-BCi. By the definition of multiplicities, if 2a G then m(a) = 
n(a). Hence we denote mi := m(a) = n(a),m 2 '■= m(2a) and 712 := n(2a). Then, 
by (14.2L the biharmonic condition = 1/2 is equivalent to 

27771 + 47772 + 4772 = 777i ((cot(7?/2))^ + (tan(7?/2))^) + 47772 (cot + 4772 (tan d)^. 

Thus, we have 


(tand)^ = 


7772 + 772 ± \/(7772 + 772)^ — 4772(7771 + m2) 


m 2 


2772 

+ 772 ± \/(7772 — 772)^ — 47727771 


2772 


By (14.31) . the harmonic condition th = 0 is equivalent to 

7771 (tan(d/2) — cot(d/2)) — 27772 cot d + 2r72tand = 0. 


Thus, we have 


(tand)^ 


7771 + 7772 
772 


By (2) of Theorem 13.61 we obtain the following results: 

(1) When (7772—772)^—47727771 < 0, if K 2 TTi{x) is biharmouic, then it is harmonic. 

(2) When {m 2 — 772 )^ — 47727771 = 0, an orbit K 2 TTi{x) is proper biharmonic if 
and only if (tand)^ = {m 2 + 772)/2772 for H G Pq. 

(3) When {m 2 — 772 )^ — 47727771 > 0, an orbit K 2 '!Ti{x) is proper biharmonic if 
and only if 


2772 


for iJ G Pq- 

For the proof of (2), we will show that 


47727771 


777i + 7772 
772 




7772 + n2 
2772 


If (7771 + 7772)/772 = (7772 + ’^■2)7(2772), then 2777i + 7772 — 772 = 0. HenCe (7772 — *^ 2 )^ — 
47727771 = — 47771(7771 + m 2 ) < 0, which is a contradiction. 

For the proof of (3), we will show that 


TTT-l + 7772 
772 




7772 + 772 ± \/(7772 — 772)^ 
2772 


47727771 


If the equality holds, then we have (2777i +7772 — 772 )^ = {m 2 — 772 )^ 
47771(7771 + m 2 ) = 0, which is a contradiction. 


47727771. Hence 
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In fact, in the cases of type III-BCi, a compact symmetric triad which is not (1) 
is only (£’6,80(10) • U(l),£ 4 ) in the list below. In this case. 


mi + m2 

n 2 


< 


m2 + 712 - \/(m2 - 772)^ 
2772 


4772mi 


m2 + 712 + \/{m2 - - 4772mi 

2772 


holds. 


Let & > 0, c > 1 and g > 1. Each commutative compact symmetric triad 
{G, Ki, K 2 ) where G is simple, 9i / 62 and dim a = 1 is one of the following (see 

my- 


Type III-Bi 



Here, we define U(4)' = {g S 80(8) | JgJ ^ = g} where 



and I I denotes the identity matrix of Z x 1. 
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6. Main result and examples 

6.1. Summing up the previous sections, we classify all the biharmonic hyper¬ 
surfaces in irreducible compact symmetric spaces which are orbits of commutative 
Hermann actions, namely we obtain the following theorem. 

Theorem 6.1. Let (G, Ki, K 2 ) be a commutative compact symmetric triad where 
G is simple, and suppose that K 2 -action on Ni = G/Ki is cohomogeneity one 
(hence Ki-aetion on N 2 = GIK 2 is also cohomogeneity one). Then all the proper 
biharmonie hypersurfaces which are regular orbits of K 2 -aetion (resp. Ki-action) 
in the compact symmetric space JVi (resp. N 2 ) are classified into the following lists: 

(1) When {G, Ki, K 2 ) is one of the following cases, there exists a unique proper 
biharmonic hypersurface which is a regular orbit of K 2 -action on Ni (resp. 
Ki-action on N 2 ). 

(1-1) (SO(l-b 6 -fc), SO(l-f5)xSO(c), SO(5-bc)) (6 > 0, c> 1, c-1 ^ 

(1-2) (SU(4), S(U(2) X U(2)), Sp(2)) 

(1-3) (Sp(2), U(2), Sp(l) X Sp(l)) 

( 2 ) When {G, Ki, K 2 ) is one of the following cases, there exist exactly two 
distinct proper biharmonic hypersurfaces which are regular orbits of of K 2 - 
action on Ni (resp. Ki-action on N 2 ). 

(2-1) (SO(2 + 2q), SO(2) X S 0 ( 2 ( 7 ), U(1 + q)) {q > 1) 

(2-2) (SU(l-b5-fc), S(U(l-b 6 ) xU(c)), S(U(1) x U(&-bc)) (& > 0, c> 1) 
(2-3) (Sp(l -I- 6 -I- c), Sp(l -I- 6 ) X Sp(c), Sp(l) x Sp (6 -I- c)) (6 > 0, c > 1) 
(2-4) (SO( 8 ), U(4), U(4)') 

(2-5) (Eg, SO(10)-U(1), F 4 ) 

(2-6) (SO(l + q), SO(g), SO(g)) (g > 1) 

(2-7) (F 4 , Spin(9), Spin(9)) 

(3) When (G, Ki, K 2 ) is one of the following cases, any biharmonic regular 
orbit of K 2 -action on Ni (resp. Ki-action on N 2 ) is harmonic. 

(3-1) (SO(2c), SO(c) X SO(c), SO(2c- 1)) (c > 1) 

(3-2) (SU(4), Sp(2), SO(4)) 

(3-3) (SO( 6 ), U(3), SO(3) x SO(3)) 

(3-4) (SU(1 + q), SO(l + q), S(U(1) X U(g))) (g > 1) 

(3-5) (SU(2 + 2g), S(U(2) xU(2g)), Sp(l + g)) (g > 1) 

(3-6) (Sp(l-bg), U(1-bg), Sp(l) X Sp(g)) (g > 1) 

(3-7) (Eg, SU(6)-SU(2), F 4 ) 

(3-8) (F 4 , Sp(3) • Sp(l), Spin(9)) 

Remark 6.2. In Theorem o we determined all the biharmonic hypersurfaces in 
irreducible compact symmetric spaces which are orbits of commutative Hermann 
actions. 

(1) In the previous section we assumed / 02 - If 9i ^ 02, then the action of 
K 2 on Ni is orbit equivalent to the isotropy action of Ki on Ni. We will 
discuss these cases in Section 6.3. 

(2) The commutative condition 0102 = 020i is essential for our discussion. 

Indeed, there exist some Hermann actions where 6 * 16*2 6 * 26 * 1 . Moreover 

there exist some hyperpolar actions of cohomogeneity one on irreducible 
compact symmetric spaces which are not Hermann actions (cf. [18)1. 
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6.2. We shall explain details of the cases (1-1), (2-2) and (3-1) in Theorem 16.11 
and give new examples of proper biharmonic orbits. By Proposition 15.11 a proper 
biharmonic orbit K 2 T^i{x) in Ni corresponds to a proper biharmonic orbit KiTi^ix) 
in A^ 2 - In particular, we can obtain new examples of proper biharmonic orbits 
corresponding to some known examples. 

We consider the isotropy subgroups of orbits of Hermann actions. For x = 
exp H (H G a) , we define the isotropy subgroups 

{K2)n^{x) = {k& K 2 \ fc7ri(x) = 7ri(ai)}, 

={k€ Ki \ kTT2{x) = 'K2 {x)}. 

Then we can show that {K 2 )Tri{x) — {Ki)-r 2 {x) by an inner automorphism of G. 
The orbit K 2 ni{x) (resp. itri7r2(a;)) is diffeomorphic to the homogeneous space 
K 2 /{{K 2 )^^(x)) (resp. li K 2 ni{x) is a regular orbit, then iGi7r2(x) 

is also a regular orbit, and we have Lie((i4r2)7ri(a;)) = Lie((i4ri)^2(a;)) = lo- 


Example 1. Let {G, Ki, K 2 ) = (SO(l-I-6-I-c), SO(l-I-&) x SO(c), SO(&-l-c)) (6 > 
0, c > 1). This is the case of (3-1) when c — 1 = 6, otherwise the case of (1-1) in 
Theorem 16.11 In this case, the involutions 9i and 62 are given by 

9,{k) = 92{k) = l[kl[ {keG), 

where 

■ -h 0 

0 Ii+b+c-l 

Then, we have the canonical decompositions g = ti © mi = t 2 


n = 


{ 1<1 <b + c). 


= 


h = 


X 

0 

0 

0 


0 

Y 

0 

X 


Thus, we have 


X Gso{l + b) 
Y G so(c) 

X G SO (6 © c) 


ii n t2 = 


mi n m2 = 


ti n m2 = 


mi n t2 = 


0 0 
0 X 
0 0 

0 

0 

-*x 

0 

0 


mi = 


m 2 = 


0 
0 
Y 

0 X 
0 0 
0 0 


0 

-*x 

0 


X 

0 

X 

0 


) m 2 as 
X G Mi_|_;i^c( 

X G Mi^i,_|_c( 


X 

0 

0 


0 

0 


0 

0 

0 

0 

X 

0 


X G SO (5) 
Y G so(c) 


X G Ml, 


X G Mi,6( 


X G Mb, 


We take a maximal abelian subspace a in mi fl m 2 as 

0 OX 

Hm = ' 


0 


x = [0,...,0,d] 

d G M 


a = 
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Then we have 


io 

l^(«inm 2 ) = { 0 }, 

y(mi n ^2) = 


r 

■ 0 

0 

0 

0 ■ 


' 


0 

A 

0 

0 


A £ 5 o{b) 


0 

0 

Y 

0 


Y £ so(c — 1) 

i 

0 

0 

0 

0 



{0}, 






f 

■ 0 

0 


0 

0 




0 

n 


A 

0 




0 

-*A 

0 

0 


A £ 

i 

0 

0 


0 

0 




. 


Let Ej be a matrix whose (i,j)-entry is one and all the other entries are zero. 
We define A^- := E^ — E], Then, we can see 

[H{§), Ai] = {2<j<h + c), 

(2<j<6 + c). 

We define a vector a £ a by {H (i?), a) = d (i? £ K.). Then 


m„ = Span{A?+^...,A?+^}, 
rim2) = Span{A2, ..., 
n 62) = Span{A?+b+^,..., J. 


Hence, in this case, we have 

= {a}, = {a}, m(a)=c—l, n{a)=b. 


Let xo = exp(iJ(7r/4)). By the computation in Section [STTl we can see that 
K 2 TTi{xo) and i£i7r2(xo) are biharmonic hypersurfaces in A^i and N 2 , respectively. 
These orbits exist at the center of the orbit space Pq = {H{-d) | 0 < i? < 7r/2}. 
When c — 1 = 6, these orbits are harmonic. When c — 1 ^ b, these are not har¬ 
monic, hence proper biharmonic. The orbit Lf27ri(xo) is the Clifford hypersurface 
S^{l/V2) X ^ (SO(l + b)x SO(c))/(SO(6) x SO(c - 1)) embedded in 

the sphere 5'^+‘^(l) = SO(l -f 6-f c)/SO(6-|-c) = N 2 ([^). On the other hand, the 
orbit i£27ri(a;o) is diffeomorphic to SO(6-|-c)/(SO(&) x SO(c— 1)), i.e. the universal 
covering of a real flag manifold, and embedded in the oriented real Grassmannian 
manifold ^ SO(l -f b + c)/(SO(l + b) x SO(cj) = Ni as the tube 

of radius 7r/4 over the totally geodesic sub-Grassmannian G6(R^+°). The orbit 
K 2 Tri{xo) in gives a new example of a proper biharmonic hypersurface in the 
oriented real Grassmannian manifold. 


Example 2. Let {G,Ki,K 2 ) = (SU(1-fc), S(U(1-f 6) x U(c)), S(U(1) x U(&-f 
c))) (6 > 0, c > 1). This is the case of (2-2) except for 6 = 0 in Theorem 16.11 In 
this case, the involutions 9i and 02 are given by 

9,{k) = 92{k) = I{kI[ {keG). 

Analogous to the previous example, in this case, we have 

E'*' = {a,2Q;}, W'^ = {a}, m{a) = 2(c— 1), m{2a) = 1, n(Q;) = 2 b. 
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Therefore, the symmetric triad (E, E, W) is of type I-BCi. By the computation in 
Section [521 we have two distinct proper biharmonic hypersurfaces in and also 
in N 2 . More precisely, let x± = exp(i/(i?±)) where d± is a solution of the equation 


(tand)^ 


mi + ni + 6 m 2 ± (mi + ni + 6 m 2 )^ 

2(ni + m 2 ) 

(c — 1) + 6 + 3 ± — 1) + b + 3)^ - 

2 &+ 1 


4(ni + m 2 )(mi + m 2 ) 


(26+l)(2(c-l) + l) 


Then K 2 TTi{x±) and it'i 7 r 2 (x±) are proper biharmonic hypersurfaces in Ni and N 2 , 
respectively. The orbit Kitt 2 {x±) = S(U(1 + 6 ) x U(c))/S(U( 6 ) x U(c— 1) x U(l)) is 
the tube of radius over the totally geodesic in the complex projective space 
(^p 6 +c ^ SU(l + &+c)/S(U(l) X U(&+c)) = N 2 (see Theorem 5 in [9]). On the other 
hand, the orbit K 2 '!TiIx±) = S(U(1) x U (6 + c))/S(U( 6 ) x U(c— 1) x U(l)) is the tube 
of radius over the totally geodesic sub-Grassmannian G&(C^+'^) in the complex 
Grassmannian manifold Gi+&(C^+^+^) = SU(1 + 6 + c)/S(U(l + b) x U(c)) = A^i. 
The orbit K 2 TTi{x±) in 7Vi gives a new example of a proper biharmonic hypersurface 
in the complex Grassmannian manifold. 


6.3. In the above argument, we supposed that 9i / 62 in order to use the 
classification of commutative compact symmetric triads. However, we can apply 
our method to the cases of 9i ^ 62 - When di ^ 02 , a Hermann action is orbit 
equivalent to the isotropy action of a compact symmetric space (see [10]). Hence, it 
is sufficient to discuss the cases of isotropy actions, that is, 0i = 02 - When 0i = 02 , 
we have W = 0, since ?i fl m 2 = mi fl 62 = {0}. Thus we have E = E. Moreover, 
E is the root system of the compact symmetric space A^i with respect to a. Since 
we consider the cases of dim a = 1, the rank of A^i equals to one. All the simply 
connected, rank one symmetric spaces of compact type are classified as follows: 

S'®, CP®, HP®, 0P2 {q > 2). 


The isotropy actions of these symmetric spaces correspond to the cases (2-6), (2- 
2) with 6 = 0, (2-3) with 6 = 0, and (2-9) in Theorem 16.11 respectively. Except 
for the case of OP^, homogeneous biharmonic hypersurfaces in compact, rank one 
symmetric spaces were classified ( 0 , [9]). Therefore, we consider the octonionic 
projective plane OP^ = P 4 /Spin( 9 ). 

Let {G, Ki, K 2 ) = (P4, Spin(9), Spin(9)) with 0i = 02 . This is the case of (2-9) 
in Theorem 16.II Since Ki = K 2 , we denote 


1 := li = l 2 , m := mi = m 2 . 

We define an Ad(G)-invariant inner product on g by (•,•) = —Killing(', •). Fix 
a maximal abelian subspace a in m. Then we have E"*" = {a, 2a} and m{a) = 
8, m{2a) = 7 ([7], Page 534). By letting n{a) = n(2a) = 0 in (15.111 since W~^ = 0, 
we can see that {a, a) = l/{2(8-|-4-7)}. Let x = expH for H € a. By Theorem l4.81 






24 


SHINJI OHNO, TAKASHI SAKAI, AND HAJIME URAKAWA 


we have the following: 

WBhW^ = 8(cot(a, H)f{a, a) + 7(cot(2a, H))‘^{2a, 2a) 
= ^{2(cot(a, H))'^ + 7(cot(2a, i7))^}, 

dL~^{Tfj) = —{8cot{a, H)a + 7cot{2a, H)2a) 

= —2(4 cot(a, H) + 7 cot(2Q!, H))a. 

Then, the biharmonic condition = 1/2 is equivalent to 

9 = 2(cot(a, i7))2 + 7(cot(2a, 


Thus we have 

. / rr^^2 25 ± 

{cot{a,H)) = - 

The harmonic condition th = 0 is equivalent to 

4 cot(a, H) +7 cot(2a, H) = 0. 



Thus we have 


Since 


(cot(a, 77))^ = 


25-2y/m 7 

15 


15' 

25 + 2ym 
15 ’ 


by (2) of Theorem 13.61 an orbit 7f27ri(a:) is proper biharmonic if and only if 


(cot(a,i7))2 = ^ 

holds for 77 £ a with 0 < (a, 77) < tt/2. Furthermore, a unique harmonic regular 
orbit exists between two proper biharmonic orbits in {77 £ a | 0 < (a, 77) < 7r/2}. 
These regular orbits are diffeomorphic to embedded in OP^. 
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